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ABSTRACT: We show how to construct the general action coupling (multi)instantons to
gauge theories arising from branes probing arbitrary toric singularities. We give a general
set of rules for how to construct such an action given the knowledge of the superpotential
for the gauge theory. The main idea is to obtain the action by higgsing a theory whose
instanton dynamics is known, namely an orbifold of N = 4 super Yang-Mills. We find
that the couplings of the fermionic zero-modes with the holomorphic fields are dictated
by the structure of the superpotential describing the toric singularity. We present explicit
examples such as the Suspended Pinch Point, the Conifold and the first three del Pezzo’s.
We perform various checks on these results by further higgsing to smaller orbifolds and
present some applications, including both gauge theory and stringy instantons.
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1. Introduction

Instantons represent a class of non-perturbative phenomena in gauge theory and string
theory that is particularly amenable to theoretical study. In their original incarnation [I]
they were described by solutions to the euclidean equations of motion of a gauge theory and
their semiclassical analysis [ exposed the existence of chiral symmetry violating terms in
the effective action of great relevance to particle phenomenology.

After the advent of D-branes [, it was soon realized that D-branes with a euclidean
world-sheet wrapped on a non trivial cycle could give rise to closely related effects [ —[.
(In perturbative string theory, fundamental strings with a euclidean world-sheet wrapped
on such a cycle, known as world-sheet instantons, had already been extensively used [[[(].)

The analogy between D-brane instantons and ordinary gauge instantons is striking but
there are also subtle differences. While a gauge instanton requires a gauge theory whose
fields provide the necessary background, a D-brane instanton arises from a geometrical
object that exists (in this framework) independently on the D-branes giving rise to the
gauge theory, and it has colloquially speaking, a life of its own. This fact opens up the
possibility of considering configurations that do not correspond to ordinary gauge theory
instantons but nevertheless modify the gauge dynamics by giving rise to new terms in
the effective lagrangian. These configurations and their contributions are known as “ex-
otic” or “stringy”. Their properties have been intensely investigated in the last few years
due to their relevance to N/ = 1 dynamics, such as MSSM/GUT phenomenology, moduli

stabilization, and dynamical supersymmetry (SUSY) breaking [[L[1]-[&5].



For a single instanton, one can roughly distinguish three types of configurations of
interest:

If a euclidean D-brane wraps a cycle on which more than one space-filling D-branes
are also wrapped, we are in a situation similar to that of an ordinary gauge instanton.
In this case, one expects the generation of the familiar instanton induced corrections to
the superpotential [if, I7] provided that the rank assignment of the various groups is the
correct one.

If the euclidean D-brane wraps a cycle on which no space-filling D-brane is present
one is faced with an exotic configuration, without direct gauge theory analogue. The study
of this configuration is made difficult [R1] by the presence of extra neutral fermionic zero-
modes for the instanton stemming from the fact that the instanton spectrum is not sensitive
to the presence of the space-filling D-brane and thus it mantains all four fermionic goldstino
zero-modes arising from breaking half of the eight supercharges of a typical type II Calabi-
Yau compactification. In order to get a non-vanishing contribution to the holomorphic
quantities of the theory one is required to lift two such fermionic modes and the most
readily available tool to accomplish this task is an orientifold projection [B1, B7].

The third case, where there is only one space-filling D-brane wrapping the same cycle
as the instanton, is somewhat in the middle and is also very interesting. Although from
the gauge theory point of view one does not expect any instanton solution in a U(1) theory
it can be shown that the presence of one space-filling brane is enough to soak-up the extra
zero-modes and in some cases one gets contributions to the superpotential, once again
provided the other rank assignments are correct [l (see also [BF, BY)).

These three basic cases can of course be combined into more complex, multi-instanton
configurations that display quite a rich structure. In this case various instantons can also
split and recombine along curves of marginal stability [Bg].

The study of D-brane instantons has taken place in different contexts, most notably
the brane-world scenarios where one first compactifies space-time to four dimensions, then
engineers a phenomenologically interesting AN/ = 1 gauge theory with a configuration of
wrapping and intersecting branes and orientifolds and finally generates non-perturbative
effects by wrapping euclidean D-branes on the geometric cycles. But there is also great
interest in considering “local” constructions of D-branes probing a space-time singularity in
an otherwise non-compact six dimensional manifold. This is of course crucial in the context
of the gauge/gravity correspondence but it is also relevant to string phenomenology when
properly embedded in a consistent configuration.

In order to make progress one has to have control over the action describing the
coupling of the fields in the gauge theory to the instanton moduli, as well as the action
describing the interaction of the moduli among themselves. Since, for the time being, we
are only interested in corrections to the holomorphic quantities of the gauge theory (most
notably the superpotential), we will restrict ourselves to the coupling of the moduli to chiral
superfields. Their couplings can be derived by a variety of means, the most direct one being
applicable to the case of D-branes probing an orbifold or orientifold singularity [@}, where
a conformal field theory (CFT) description is straightforwardly available.

It is however important to try to go beyond the orbifold limit, particularly having



in mind applications to the gauge/gravity correspondence, where orbifold gauge theories
provide too restrictive a class of models. In this context it is much more interesting to
consider gauge theories arising from D-branes probing a toric singularity [[[J]-[F§], where
the techniques developed in the last decade provide a beautiful set of phenomena such
as Seiberg duality, cascades and, in some cases, confinement or dynamical SUSY break-
ing [F9-[p4]. Theories arising from toric singularities also have the trademark of possessing
chiral operators that, in spite of being non-renormalizable by naive power-counting, be-
come exactly marginal in the infrared and contribute to the superpotential, in accordance
to the AdS/CFT correspondence. We will see that these operators also play an important
role in the instanton dynamics.

In this paper we address the above issue and show how to construct the general action
coupling instantons to gauge theories arising from branes probing arbitrary toric singu-
larities. We will give a general set of rules for how to construct such an action given
the knowledge of the superpotential for the gauge theory. We will consider many explicit
examples such as the Suspended Pinch Point (SPP), the Conifold and the first three del
Pezzo’s (dPy, dP; and dPs).

The basic idea behind our construction is the well known fact (see e.g. [[9]-[F4]) that
any quiver gauge theory describing D-branes at a toric singularity can be obtained by
higgsing a sufficiently large orbifold, for which techniques are readily available to obtain the
instanton action. The higgsing procedure can be applied (with some care) to the instanton
sector as well yielding all the desired couplings. This method works quite generally and
it applies to rigid instantons as well as instantons with internal neutral modes. In fact,
the role played by these extra neutral modes in the multi-instanton case is crucial for the
higgsing procedure to work. Indeed, as it will become clear, single instantons in a toric
geometry will generically descend from multi-instantons in the unhiggsed parent theory.

Although the main focus of this paper is to present the general technique and some
basic examples, we will also briefly touch upon a few applications, such as the ubiquitous
nature of the Affleck-Dine-Seiberg (ADS) superpotential and various comments on exotic
contributions to the theory on the SPP and the del Pezzo’s.

The paper is organized as follows:

In section 2 we outline the general strategy of our approach and spell out the rules that
can be used to obtain the instanton action for a gauge theory arising from D-branes at a
toric singularity. We do this in a way that will hopefully allow the reader, who is not inter-
ested in going through the lengthy algebraic arguments, to construct the coupling needed
in the specific case of interest. The remainder of the paper is essentially a justification of
these rules with examples and applications.

Section 3 is a short summary of the well known properties of the N' = 4 theory and
its orbifolds needed in our construction.

Section 4 is the first and simplest example of how the higgsing procedure works for the
instanton. Although nothing new is learned in this case, since one goes from a well known
model (the N'=2 C2/Z, orbifold) to another well known case (the N = 4 theory itself),
this shows in detail how we will apply the procedure to more complicated cases and should
also be thought of as a first consistency check.



Section 5 discusses the construction of the instanton actions for SPP and the Conifold
from the higgsing of the C3/Zy x Zsy orbifold, together with two further brief consistency
checks. Already at this stage one sees the deviation of the instanton action from the one
for an orbifold gauge theory. Namely there exist higher order holomorphic couplings of the
charged fermionic zero-modes to the chiral superfields that follow the same index pattern
as the superpotential. These terms are required for consistency with further higgsing and
cannot be neglected.

In section 6 we take a short break and discuss the recovery of the ADS superpotential
from the charged bosonic and the fermionic anti-holomorphic couplings. This result is well
known but put in this context it shows the necessity of not altering the anti-holomorphic
couplings with respect to the naive expectations from the orbifold theory. This fact is
consistent with our findings.

Section 7 continues discussing more examples, namely the first three del Pezzo’s as
embedded in a C3/Z3 x Zs3 orbifold. These models have some intrinsic interest in the
context of dynamical SUSY breaking but we also discuss them at length because, contrary
to all models discussed in section 5, they are chiral and we would like to show that our
procedure works in this case as well. We hope the reader will not be put off by the long
formulas in this section and will remember that they also follow straightforwardly from
the rules of section 2.

In section 8 we end by giving some sample computations of stringy instanton effects.
We will be rather sketchy, since we hope to return to these applications in a separate
publication.

While this work was in progress, we became aware of the related but complementary
work appearing in [65].

2. General strategy

In this section we outline the general strategy of our approach and spell out the rules that
can be used to obtain the instanton action for a gauge theory arising from D-branes at a
toric singularity.

We start by recalling that it is always possible to embed the toric diagram describing
such a singularity into that of a sufficiently large orbifold singularity. From the gauged
linear sigma model (GLSM) description of the singularity, it is possible to see that this
means one can go from the orbifold singularity to the non-orbifold one by partial resolutions,
i.e. by turning on some Fayet-Iliopoulos (FI) terms in the GLSM. From the quiver gauge

! necessitates that some fields acquire

theory point of view, turning on background FI terms
vacuum expectation values (VEVs) in order to satisfy the D-flatness conditions. As a
consequence, by the Brout-Englert-Higgs mechanism, some pairs of gauge groups will be
higgsed to their diagonal part, eating in the process the field which had a VEV. Some other

matter fields then acquire a mass and are integrated out, typically yielding new terms in

! As is usual in the literature, we will assume that all the statements which are strictly correct when all
nodes of the quiver are U(1) classical gauge groups carry over smoothly to the general case where the nodes
are (strongly coupled) SU(N)s.



the superpotential which are of order higher than cubic (of course, orbifolds only have cubic
superpotentials).

We propose to apply this procedure also to determine the structure of instanton zero
modes for D-branes on non-orbifold toric singularities. Namely, we would like to apply the
higgsing procedure not only to the quiver gauge theory, but to the quiver gauge theory
coupled to its instanton sector.

Recall that quite generically the zero modes of a (multi)-instanton configuration can
be divided into neutral (associated to open strings stretched between two Euclidean D-
branes) and charged (associated to open strings with one end on the instanton and one
on the gauge theory brane). The charged zero modes are those that couple directly to the
fields in the gauge theory. It is clear that the matter field VEVs will give masses to some
of the charged instanton zero modes. Moreover, a corresponding neutral zero mode must
also obtain a VEV and correspondingly some neutral zero modes will also become massive.
This can be understood in several ways. Firstly, it is clear that there cannot be more kinds
of instantons than gauge groups in a given geometry, since the number of gauge groups
is essentially given by the number of non trivial compact cycles over which D-branes can
wrap, before any anomaly argument is put forward. Secondly, the same background closed
string mode which generates the FI term in the matter sector also generates a similar term
in the instanton neutral zero mode sector, which is (before the ADHM limit [{]) just the
reduction to zero dimensions of the quiver gauge theory. As a consequence, the structure of
the surviving neutral zero modes mirrors exactly the structure of quiver gauge and matter
fields. This means that if we give a VEV to the chiral superfield ®,, in the bi-fundamental
representation of the gauge groups associated to node a and b we will also give a VEV to
the corresponding neutral scalar zero mode sg, a complex combination of the real zero
modes, usually denoted by y, present in the non rigid case.

Taking all the VEVs into account, one goes on to see which charged instanton zero
modes become massive and how they couple to the chiral fields of the gauge theory and
to the neutral zero modes. One finds that only the “diagonal” zero modes (connecting a
gauge group of the quiver with its own instanton) and the fermionic zero modes with an
index structure similar to the chiral superfields surviving in the quiver remain.

More explicitly:

e Consider a specific node a of a particular quiver gauge theory. There will always
be charged bosonic and fermionic zero modes connecting this node with its own
instanton node, also denoted by a. According to the traditional notation such zero
modes will be denoted by ws,qq, (a bosonic “spinor” - the index & = 1,2 will very
often be omitted in writing), ft4q, (a fermionic “scalar”) and by their conjugates W4, qq
and [ig, going from the instanton node to the gauge theory node.

e Consider now two specific nodes a and b (not necessarily distinct) of a particular
quiver gauge theory. For each chiral superfield ®,, connecting these two nodes there
will be a corresponding fermionic zero mode 4, connecting the gauge group a to the
instanton b and its “conjugate” iy, this time connecting the instanton a to the gauge



group b. Notice that the two zero modes are described by two completely distinct
arrows in the extended quiver which may be chiral.

As an illustration of these rule consider the trivial case of N' = 4. The quiver consists
of a single node with three incoming/outgoing arrows corresponding to the three chiral
superfields of the A/ = 1 notation. There will be thus one set of bosonic modes (wg,@q),
and four sets of fermionic modes (u?, i*), (A = 1,2,3,4), one from the first rule and three
from the second one.

So far this is a straightforward generalization of the rules for the orbifold theory and
it is as expected. However some care is needed in integrating out the massive zero modes
to obtain the couplings. For the generic quiver gauge theory, instead of generalizing the
CFT techniques used in the case of orbifolds, we rely on other methods. The two main
tools we use are the splitting of the fermionic instanton action into a holomorphic and
a anti-holomorphic piece and the consistency condition that, if by further higgsing we
recover a smaller orbifold, the action obtained by these rules must match the well known
one obtained by CFT.

The results we obtain are quite simple to express and seem to be completely generic.

e The coupling between the bosonic charged zero modes and the superfields, as well
as the anti-holomorphic coupling between the charged fermionic zero modes and the
superfields is exactly as in the orbifold case. Namely, for every pair of nodes a and b
for which the relevant fields exist there will be the following couplings:

@aaq)abq)zawaaa @aaq)ibq)bawaaa ﬂaaq):rlblubm ,aabq)zalufaa- (21)

In the case of multiple instantons there are similar couplings between the charged
moduli and the neutral moduli, denoted by s, that are crucial for consistency and will
be discussed at length in the following. However the extra neutral moduli will not
be present in the case of a single (fractional) instanton and this is the configuration
that is mostly studied in practical applications.

e The holomorphic coupling between the charged fermionic zero modes and the super-
fields is obtained by taking each term in the superpotential and, while keeping the
same quiver index structure, substituting two fermionic charged zero modes and all
combinations of matter fields ® and neutral bosonic zero modes s allowed by the
symmetries. Again ignoring the bosonic modes s for the time being, this rule means
that, if one encounters, say, the term tr ®1o®93P34P4; in the superpotential, one must
expect the four terms:

tr (f112Po3Paapuar + 23 P3aParprz + f3aPar Propos + far P12Pospss) (2.2)
in the instanton action.

In the following we will also see that the bosonic neutral modes can be accommodated
in the same way, remembering to put them in a different position (to the right of u) due



to their different index structure. Also, as it will become clear, there is a relative factor of
(—1) for each s appearing in the holomorphic part.?

The remainder of the paper is a justification and test of the above rules. The reader
who is not interested in the algebraic details and is willing to take these rules for granted
can simply skim through the notation in the next section and look at the few examples
and applications in sections 6 and 8.

3. Notation and conventions

In this short section we review the notation for the well known orbifold case that will
serve as a starting point in our analysis. We start from a gauge theory living on D-branes
probing a simple orbifold of C3. From the perturbative, open string point of view, the
quiver gauge theory is just obtained in the following way. One formulates A" =4 SYM in
N =1 language and assigns to each of its fields a Chan-Paton structure derived from the
orbifold projection. Specifically, since we will only consider abelian orbifolds, the structure
of the gauge superfields turns out to be block diagonal, each block denoting the node of
a quiver. The chiral superfields ® will have some components set to zero by the orbifold
projection and the remaining submatrices ®,, will transform in the bi-fundamental (or
adjoint if a=b) representation. This already determines the quiver. The remaining data is
encoded in the superpotential following directly from inserting these matrices of fields into
the cubic A' = 4 SYM superpotential 3

W=y = tr &1[®?, &3], (3.1)

In the instanton sector, one can again start from the spectrum and couplings of the
instanton zero modes for N' = 4 SYM, which is well-known and can also be computed
straightforwardly in perturbation theory.

In order to set the stage for the rest of the paper and get acquainted with the different
kinds of zero modes, we write here the action of the zero modes:

g . 1 o

S =tr { - [alh S;f”a/i, Sl] - 5 (Mal[s;f’ Mi] - §€ijka[5]7 Mi])

+ 4 (ﬂiwd + c‘ud,ui + Jgd[Mﬁi, a“]>)\?‘ + 4 <ﬂ4wd + @d,u4 + agd[MBA‘, a“]>)\i‘

—iD* (@%ﬂgwﬁ- ) } (3.2)

In the expression (B.2) a,, s* and D? are neutral bosonic zero modes, M2 and \§ (with
A = i,4) are fermionic neutral zero modes, while w,; and @4 are bosonic charged zero

2As a result of higgsing in the instanton sector, there will also be couplings higher than cubic among
neutral zero modes only. We will not focus on them in the following, since they follow straightforwardly
from the reduction to zero dimensions of the action of the toric quiver. These couplings can play a crucial
role in some multi-instanton configurations, see [@] Notice however that some of them will be eventually
suppressed in the ADHM limit.

3We have written the 6 scalars X, of N = 4 SYM first as an SU(4) antisymmetric matrix Xap =
(X%)aBX. and then we have identified Pt = %Eiijjk and <I>;r = Xi4.



4. The three complex fields s* are

modes and p4, @4 are charged fermionic zero modes
the complexification of the six real zero modes usually denoted by x and they prove more
convenient for the formulations of the interactions.

To the above action, we must add the terms that couple the charged zero modes to
the matter fields. We find it convenient to write it together with terms that we omitted

in (B.3), which couple the charged zero modes to the bosonic neutral zero modes:

1 . . 1 o .
Sy = tr {5 <@d¢l + 8%?@) <<I>2Tw°‘ + w 8T> + 3 (c‘udfbj + sj@d> <<I>Zw°‘ + wasl>

% Nl + pts]) - %/?c (@1 + p's]) — %eijkﬂi(fﬁjuk - /ﬂsk)} . (33)
In order to be complete, we must also write the terms in the action that are actually
suppressed in the ADHM limit [J, but which here play a role in lifting some of the neutral
modes:

)

1 i v L4 &
S3 = tr {ng — 5 <)\di[3 ,)\4] — §6jk)\di[8},)\k]>

+ [s°, s]][s;,sj] +

%[si, SI] [s7, s;] } (3.4)

As for the gauge theory, taking the orbifold projection the instanton zero modes too
will become larger matrices of zero modes carrying Chan-Paton indices relating them to the
different instantons and gauge groups. The rules determining which components survive the
projection are straightforward and we shall follow the conventions discussed in [1]]. Namely,
st, M%)\, 1t i acquire the same structure as ®’, whereas a“,Dc,w,c_u,M4,)\4,u4,ﬁ4 are
all block diagonal.

The action for the zero modes is again found by substitution in the N’ = 4 zero mode
actions (B.2), (B-3), (B.4). After reducing the supersymmetry we have the important option
of adding a FI term which modifies the very last term of (B.4) by letting:

[Sia sg]aa - [Sia sg]aa —&aa = Z(Slbsba Sabsba) aas (35)

(ba)

where ¢ is a block diagonal matrix and the sum is over the nodes b connected to a by a
line in the quiver.

4. Warm-up: Higgsing from C2/Z; to N = 4

We start by performing a higgsing procedure in both the matter and the instanton moduli
sectors in a set up where we know from perturbative string theory both the starting point
and the end point. Namely we will go from the simplest of all orbifolds C?/Zs, yielding a
N = 2 theory down to the N' = 4 theory by resolving the singularity and higgsing one chiral

4Recall that neutral modes are those corresponding to strings with both ends on an instanton, while the
charged ones are those with one end on an instanton and the other on a spacetime filling D-brane, i.e. they
are in the (anti)fundamental of a gauge group.
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Figure 1: The quiver diagram for the Zs theory.

field. There will be no suprises, but this exercise is useful to adjust the whole procedure
so that it yields consistent results.

We thus start by spelling out the field content of the C?/Zy quiver gauge theory,
including the instanton sector. It is simply obtained recalling that the orbifold action acts
as g : (z1,22,23) — (21,—22,—23) and that its representation on the Chan-Paton indices
is given by v(g) = o3. As reviewed in the previous section we get a block-diagonal gauge
field (each block can be as usual considered a N; x NN; matrix in general) and the matter

ol = <(I>11 > . D= ( ‘I’lz> . PP = ( ) /12> , (4.1)
Do U531 21

see the quiver diagram in figure [

fields are

The superpotential is given by (Note, from here on we will omit writing the trace
explicitly):
Wy, = B P11 P12 — o1 P11 Py + PPoPorPoy — Pr2Poa®hy (4.2)

just by replacing ([.1)) in the N = 4 expression (B.1)).

In the instanton sector, we first consider the bosonic neutral modes, which are generally
matrices constituted by k; x k; matrix blocks, where k; can be considered as the instanton
number in the gauge group of each node. Then the a, are block diagonal as the A, gauge
fields, and the s’ have the same form as the ®*.

The projection of the fermionic neutral modes has also been reviewed in the previous
section and turns out to be

Ml — My M2 = Mo
My )’ Moy ’

M! M!
M3 = (M, 12) . M= ( 11 e ) (4.3)
21 22

where we have suppressed the spinor index . The structure of the )\% zero modes is exactly
the same as above.

For the charged instanton zero modes, we can decompose the matrices into k; x N;
and N; x k; blocks. The bosonic modes wy and wg are block diagonal, while the fermionic
modes p# and i have the same form as in (JJ) above. From now on we will denote
all the modes by indices relating them to the relevant instanton and/or gauge nodes, see
figure Pl.
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Figure 3: The N = 4 theory higgsed down from the Zs theory.

The complete action for the zero modes above, and their coupling to the matter fields,
is simply given by plugging back the above definitions into the A/ = 4 action given in the
previous section.

We can now perform the higgsing, which corresponds to resolving the C x (C?/Zs)
singularity to (locally) C3. In the quiver, this is achieved by giving a VEV proportional to
the identity to a bifundamental field:

51 =M. (4.4)

Of course, this requires the two gauge groups to have the same rank Ny = Ny = N.
Moreover, giving a VEV to a single field is consistent only if we turn on (opposite) FI
terms for the diagonal U(1) factors of both nodes, & = —&; = |m/|?.

From the superpotential (@), we see that such a VEV gives a mass to the fields ®15
and ®1; — ®9o, which can then be integrated out. The F-term for &5 sets &7 = Poy
exactly, so that we are left with the 3 matter fields @11, P91, P}, and 2 terms in the
superpotential which reproduce the N’ = 4 superpotential (B.1]), see figure .

— 10 —
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Figure 4: The N = 4 theory with instantons higgsed from the Zs theory.

We can now start to consider the effect of the VEV (J4) on the instanton zero modes,
see figure fl. First of all, we consider the coupling of the matter fields to the bosonic charged
zero modes wg and @g. The relevant piece of the instanton action, if we do not include the
neutral s fields, reads:

S l - " & - 1oF _ l 2/~ ~
2D 5 <W11¢12¢21W11 + WQ2¢21(I)12(U22> =3 |m| (wuwu + OJQQWQQ), (4.5)
where we have suppressed the & indices and denoted (@ij)T = CDL We see that, as it
stands above, a single VEV would actually give a mass and lift all the charged bosonic
zero modes. This is clearly not what we expect, since of course there should be one pair of
charged bosonic zero modes in the AV = 4 theory we obtain after higgsing.

In order to recover this result, we see that we also have to consider the coupling to the

neutral bosonic zero modes sb;:

Se D %(0?11@/12 + 8/12@22) <<I>’21w11 + W228/21> + % <<D22<I>/21 + 8/215111) (‘I),fgwm + w118/1T2>-
(4.6)
It is clear that if we give a VEV
shy = —m (4.7)
then the above action becomes a mass term for only one linear combination of the zero
modes
Sy D |m|? (@11 — @a2) (w11 — waa). (4.8)

— 11 —



That the neutral bosonic zero mode acquires a VEV such as ([£.7) can be understood as
follows. Recall that in order to give a VEV to the matter field, we have to turn on FI
terms. Those are actually associated to turning on a background value for a closed string
(twisted) modulus. As the disk amplitudes with spacefilling or euclidean boundaries are
very much alike, we expect that a FI term will also appear in the D-term-like piece of the
action for the s; as given in (B.§). Consequently, the action will be mininized by giving a
VEV to the bosonic zero mode in ([l.7). Note also that the F-term like piece of (B.4)) will
in turn produce mass terms that lift the zero modes s12 and s11 — s92, exactly in the same
way as it happens in the matter sector.’

Taking now w11 = Wa2, w11 = wag, S11 = S22 and s12 = 0 (the latter equality can be seen
as a consequence of the scaling limit, see the discussion later on), we see that the action
coupling the bosonic zero modes and the matter fields is exactly the one for the N' = 4
theory, as in the first line of (B.3), after we make the identifications ®17 = ®gp = %(I)l,
$9; = &2, &), = ®3 and similarly for the s®. (The factors of v/2 are necessary in order to
keep all the fields canonically normalized.)

We now turn to consider the fermionic charged zero modes g and u. Inserting the
VEVs (f4) and (7)) in (B-3), we obtain the following “mass” terms: (dropping an overall

normalization factor)

Sy D m* gy (Hhy — phg) + m*(hy — fige) oy + mina(par — po2) + m(fny — fig2)prz - (4.9)

In order to integrate out these 8 zero modes, one should perform a Gaussian integral.
This involves a non-trivial determinant, since there are other terms in (B.J), involving
the above fermionic zero modes coupling to matter fields and neutral bosonic zero modes.
However, one easily realizes that in order to match the result of this integration with the
N = 4 result, one has to set to zero (i.e. scale away) all terms that have a prefactor which
is at least 1/|m|?. This is what we will indeed do here and in the following, but note that
we are nevertheless allowing for the possibility of keeping terms which go as some power of
1/m or of 1/m*, i.e. are holomorphic or anti-holomorphic in m. The reason why we want
to keep them will be clear in the next section, where we perform two or more consecutive
higgsings. Why “holomorphic” terms do not scale away while non-holomorphic ones do
cannot be rigorously justified in the present set up, but is presumably related to the fact
that the former are protected while the latter receive large corrections during the non-
trivial RG flow that the theory undergoes from its classical description discussed here and
its IR effective dynamics.

As we are interested only in the corrections proportional to 1/m or 1/m™*, we can
integrate out independently the two sets of modes, by setting in turn 1/m = 0 and 1/m* =
0. Doing this, it turns out that everything works in the present case as if we could set all
the “massive” zero modes to zero, hence imposing p11 = pg2 and pj; = ph, exactly, and
similarly for the barred ones.

®We see that in order for the latter zero modes to be consistently lifted, the ADHM scaling limit that
suppresses (@) has to be performed after the VEV, or FI parameter, is turned on. In other words, the
VEV will have to eventually scale in the ADHM limit in such a way that the masses for the zero modes
that we have integrated out do not vanish.
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Performing the identifications as before, together with p1, = % ply oy = p?, phe = p?,

why = % p# and similarly for i, we obtain exactly the couplings in the second line of (5-3),

up to a global prefactor of % which can be reabsorbed by performing a further overall
rescaling.

We are left to discuss the bosonic neutral zero modes a, and the fermionic ones M A
and A4. All the relevant components of these zero modes are lifted by the VEV of the
zero mode s5; exactly in the same way as the VEV for ®%; lifts the gauge fields and the
gaugini superpartners of the fields which become massive. For instance, the components
My — My, M{y — M}, M}, and Mo will be lifted through the couplings in the last two
terms in the first line of (B.9). Similarly, the components A1 — Aaa, Aj; — Ay, A}y and Aoy
will get a mass through the couplings in the last two terms in the first line of (B.4). Note
that this too implies that the ADHM limit has to be taken in such a way that these mass
terms are not washed away. Eventually, the first term in the first line of (B.2) gives a mass
to the combination a,11 — a,22, leaving the center-of-mass bosonic zero modes as the ones
relevant for the instantons in the N” = 4 theory.5

As a last routine check, one can reexpress the last two lines of (B.2) in terms of the
zero modes that have been kept and recover the N' = 4 expression.

We have thus addressed in this section all the subtleties related to the higgsing proce-
dure in the instanton sector which are already present when one is going from one orbifold
singularity to another. In the following section we can thus address the additional features
that appear when one exits the realm of orbifold singularities.

5. Higgsing C3/Zy X Zy to the suspended pinch point and further

We now address the first instance of higgsing to a non-orbifold toric geometry, where it is
less direct to compute the spectrum and action by perturbative methods.

There is a major difference between orbifold and non-orbifold (toric) quivers, in the
sense that orbifold quivers are conformal at the classical and perturbative level, while
the non-orbifold quivers are typically non-conformal classically (there are terms higher
than cubic in the superpotential) but possess a non-trivial superconformal fixed point at
finite coupling. Hence non orbifold quivers are defined by the classical field content and
superpotential up to this RG flow to the IR fixed point. We conjecture here that the
structure of the instanton moduli does not change along this flow. That this is a consistent
thing to do is checked by higgsing back to some other orbifold quiver, and recovering the
spectrum and couplings computed in perturbation theory.

We will start from the C3/Zy x Zo four node quiver, and higgs it to the Suspended
Pinch Point (SPP) three node quiver. Then we will further higgs the latter to the previously
discussed C?/Zs two node quiver, as a consistency check. We will also higgs the SPP to the
Conifold quiver, to gain confidence in the structure of the moduli action in the non-orbifold
case. Consistency is again checked by further higgsing the Conifold to recover the N' = 4
theory.

5The auxiliary terms D® are already massive. The ones which are related to a, zero modes that have
become massive can be integrated out trivially by setting them to zero.
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Note that the only non generic feature of the quiver gauge theories discussed in this
section is that they are non-chiral. We will address the more general chiral theories later
on, but we anticipate that there will be no additional features as far as the construction of
the instanton action is concerned.

We begin by concisely reviewing the structure of the C3/Zy x Zo quiver gauge theory
and of its instanton zero modes, see A9, fg. (This orbifold has been recently investigated
from the point of view of string phenomenology in [f7]). As in [PT], the orbifold is taken as
g1 : (21, 29,23) — (21, —22,—23) and g2 : (21, 29,23) — (—21, 22, —23), with the representa-
tion on the Chan-Paton indices being y(g1) = 03 ® 1 and v(g2) = 1 ® 03. Then, the gauge
fields and the 3 matter fields are given by

A!lll 0O 0 O 0 &2 0 O
An — 0 AgZ 0O O ol _ by 0 O O
0 O Agg 0 ’ 0 0 0 P3|’
0O 0 O Ail 0 0 Py3 O
0 0 &5 0 0 0 0 Py
2 0 0 0 Py 7 o3 — 0 0 ®3 O ' (5.1)
(1)31 0 0 0 0 @32 0 0
0 &40 0 O by 0 0 O

As already discussed in full generality, in the instanton sector s, M* \;, u’, i* acquire
the same structure as ®°, whereas ayy De,w, 0, M 4 Mg, pt, it are all block diagonal as A,
The superpotential for the C3/Zo x Zy quiver is simply

Wzoxz, = P31P12Po3 — P31P14P43 — P13P30Po1 + P13P34 Py
FPyoPo1 Pry — PyoPo3P3y — Posy Py P12 + Py Py3P3a . (5.2)

We can now see what happens if we give a VEV such as
@14 =m. (53)

This requires the condition Ny = Ny = N and breaks the two gauge groups corresponding
to nodes 1 and 4 to the diagonal subgroup,

SU(N)l X SU(N)4 — SU(N)(14) . (5.4)

The chiral superfield ®4; will thereby transform in the adjoint representation of SU(N)14).
We immediately see that the fields ®31, ®y43, Pyo and P9y become massive. One should
integrate them out through their F-flatness equations, which read:

1 1
P31 = —P30Poy, Pyz = —P12Pos,
m m
1 1
Dyo = —DP13P32, P = —Po3P3y . (5.5)
m m
Inserting these values back into (5.9) gives us the SPP superpotential,

1 1
Wspp = E(I)24(I>12<I>23<I>32 - E¢13¢32¢23¢34 + P13P34 Py — P2y Py1 P12 (5.6)
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Figure 5: The SPP theory higgsed down from the Zs X Zs theory.

Figure 6: The Zs theory higgsed down from the SPP theory.

where all the remaining fields (except for ®4;) transform in bifundamental representations
of two of the factors in the gauge group SU(N)(14) x SU(Nz2) x SU(NNV3), see figure B.

We can continue with this procedure and obtain the quiver gauge theory for a Zs
orbifold if we start from the SPP theory and give an additional VEV to the chiral superfield
P39,

(I>32 =m . (57)

This means that we have the condition N3 = No = M and that we “pinch” the two gauge
groups corresponding to nodes 2 and 3 together,

As before, the chiral superfield ®o3 will now transform in the adjoint representation of
SU(M)(3). We see from (B.6) that (5.7) does not induce any new mass terms, but gives
us the Zg superpotential, (same as ([L.2) upon relabeling)

Wz, = PosP1oPo3 — P13Po3P34 + P13P34 Py — P2y Py1 P12 (5.9)

where @15, ®13 are in the (0,0) of the gauge group SU(N)14) x SU(M) 23y, while ®ay,
®34 are in the (O,0) and @4y, Po3 are in the adjoint of the respective gauge groups, see
figure fi.

To get the conifold gauge theory, we start again from the SPP theory but now we
instead give a VEV to the chiral superfield ®34,

(1)34 =m. (510)
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Figure 7: The Conifold theory higgsed down from the SPP theory.

Figure 8: The N = 4 theory higgsed down from the Conifold theory.

This implies the condition Ny = Ny = N3 = N, such that the three gauge groups corre-
sponding to nodes 1, 3 and 4 now become

We see from (p.6) that (f.10) induces a mass term for the bifundamental chiral superfield
®13 and the adjoint field ®4,. Hence, we solve for these fields and get the following
expressions,

1 1
Qi3 = —P12Pyy, Dy = —DP3oPos3 . (5.12)
m m
Inserting (5.10) and (f.19) into (F.6]) yields the superpotential for the conifold,
1 1
Weon = E¢12¢23¢32¢24 — E¢12¢24<1>32<1>23 (5.13)

where @15, ®39 are in the ((J,0) of the gauge group SU(N) 34y X SU(N2), ®og, Po3 are in
the (0,0) and there are no more adjoint fields, see figure [j.

From here, giving a VEV to, say, ®o4 = m, leads straightforwardly to the N' = 4
theory and its cubic superpotential, see figure [§.

All the above is of course standard, but we will now see how this higgsing pattern
extends to the instanton sector.

Let us consider our first non-trivial step out of the orbifold realm. As reviewed in the
previous section, in the absence of any other field acquiring a VEV, the effect that ®14 = m
would produce is to give a mass to both pairs of bosonic charged moduli w11, W11 and wyy,
w44. We know that in order to lift only one combination of these two pairs of zero modes,
we need to turn on the VEV

S14 = —Mm. (5.14)
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We will then have

1 1
So D B <w11<1)14 + 314w44> <(I)jllw11 + w44s;£1> + B <w44<I>;£1 + 311“11) <<I>14w44 + w11314>
= |m|* (@11 — Wa4) (W11 — wag). (5.15)

We thus see that we can set w11 = wyq and wy; = wyy. The action coupling the bosonic
charged zero modes to the matter fields and to the neutral bosonic zero modes is obtained
as follows. We see that if we replace the fields that we have integrated out (b.5§) by their
values in the action for the orbifold zero modes, we would get a series of terms which are
quartic in the matter fields and have a W prefactor. Similarly, we know that because
of the F-terms in (@) the zero modes s31, s43, s420 and so; will be integrated out, with
expressions such as s3; = —%832 s94. Hence there would also be terms quartic in the s?, and
terms such as @®®wsfst. However, all of these terms have the same ﬁ prefactor, and we
will assume, based on consistency with further higgsing, that these terms are suppressed
due to the RG flow that essentially decouples the massive modes (both in the matter and
in the instanton sectors).
Hence, we can write the following action:

S¢pp = (@11P12 + s12022) (<I>§1w11 + w228£1 (@22‘1%1 + 851@11) (®1owa2 + wi1512)

+ (@011 P13 + s13033) (@;Tﬂwn + ws33s3; w33¢31 + 831w11 P13w33 + w11513

_|_
20 P4 + 524011 q’42w22 + wi1shy) + (@ 1(1342 + 842w22 Doywi1 + wrs24
3P34 + 531011 q’43w33 + wiisys) + (@ 1(1343 + 843w33 P34w11 + wW33534

2

3P39 + 532092 q’23w33 + W22593 w 2‘1323 + 823w33 P3ow99 + wW33532

== D —F Wk R S WO —F N

+
+

+ +
+ +
+ +
+ + Pyyw11 +wirsa
(5.16)

11941 + s41011) (Pryw11 + wi18qy w 1<I>14 + 814W11

( )( )
+(@ )( ( )( )
(@s )( ( )( )
(@223 + S23W33) ( 30W22 + W33S (@ 3<I>32 + 832w22) (Pa3ws3 + wazsas)
(@s )( ( )( )
(@ ) (@] ( )( )

In presenting the above actions and in all the following ones we find ourself facing a
notational dilemma. The higgsing procedure removes some of the nodes making some of
the indices obsolete. One could relabel the indices at every step, for instance in the case
under consideration letting 4 — 1 everywhere. The advantage of doing this is that the
instanton action for each model looks more intelligible but the disadvantage is that this
relabeling makes it difficult to follow the chain of higgsings from one model to another. We
choose not to relabel the fields at this stage and ask the reader to keep track of which nodes
are identified. We will however still set w44 = w1 etc. because these are two previously
distinct moduli fields that are now identified by the higgsing procedure.

As we turn to consider the charged fermionic zero modes, we see that the VEVs for
®14 and sy4 yield the following mass terms:

Sy D m* [fna(par — paa) + (B11 — faa)pina] + m(fznpag + fazpior — f1pas — fagpsr) (5.17)

As in the previous section, the complete action coupling u, i to ® and s will contain other
terms involving the above massive zero modes. These would lead to very complicated
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expressions mixing the holomorphic/anti-holomorphic components. Again, consistency is

obtained if and only if we decouple all terms with a W prefactor, thus preserving the
holomorphic/anti-holomorphic serparation. The remaining terms are computed by setting

. 1 _
in turn - =0 and

—s = 0 and reinstating the finite value of m in the end, after the

integration.

If we set % = 0, and thus set exactly to zero all the modes which have a mass m, we
observe that no couplings remain which involve pq4 or ji14. Hence, 11 — ptaq and fi1; — figq
act like Lagrange multipliers and integrating out the modes with a mass m* is equivalent
to setting to zero all terms in which they appear.

On the other hand setting W}*
this still leaves terms which mix the remaining massless modes with the modes of mass m.

= 0, we set exactly to zero the modes with mass m*, but

Hence integrating out the latter yields non trivial expressions. Yet it is remarkable that
these expressions only contain holomorphic dependence on the fields ® and s.

It is easy to see that because of the structure of the terms involving ® and sf, and

due to the previous remarks, no terms linear in ﬂi will be generated at all. Hence, the

part of the action coupling the fermionic charged zero modes to the anti-holomorphic fields
will remain cubic:

5% = (ﬂ41<1)14 + ﬂ12@£1 + ﬂ13@§1)/l11 + (ﬂ23q’§2 + ﬂ24‘1312)/$22
+(ﬂ32¢£3 + ﬂ34<1>£3)ﬂ33 + (814,541 + shofins + 313,&34)#11
+(3;1ﬂ12 + 8;3%2),&22 + (3;)1/113 + 8%2[@3)#33
— i (@ + @lopiog + Blapza) — fioo (B 1o + @lspuz2)
— 133 (4%1#13 + <I>£2,U23) — 11 (M41814 + ms%l + M138;T>,1)
—H22 (N243£2 + u23s§2) — k33 (M34813 + ugzsgg) (5.18)

The expressions for the charged fermionic zero modes of mass m which have been integrated

out are

1 _ 1, _

M31 = — (@32/@4 - M32824), H31 = — (M32(I)24 - 332/‘24)’
m m
1 1

43 = —(@12M23 — M12323), ,a43 = _(ﬂ12q)23 - 312ﬂ23)7
m m
1 1

pag = — (P13pse — p13sse),  faz = — (F13Pa2 — s13fis2),
m m
1 1

H21 = m (%3#34 - M23334)7 Ho1 = m (ﬂ23q’34 - 323ﬂ34)- (5.19)

One can actually replace all the terms where the above massive modes appear by substitut-
ing the above expressions in the mass terms of the second line of (5.17). This will clearly
lead to terms like p®Pu, iuss and aPus. Other terms like PP and jipuss are generated
when replacing the expressions such as (f.5) for the ® and s modes that are also integrated
out. All in all, we arrive at the following expression for the holomorphic couplings of the
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fermionic charged zero modes:

1, ~ ~ _
S83P = E(M24M12823832 — 24P 124123532 + [i24aP12Pa3 32 + [i12/123532524

—[i12Pa3 32524 + [L12Po3Paopioa + [o3iz2524512 — fl23Paafioasi2

+ i3 P30 Posfi12 + fizapi4512523 — fzaPospr12523 + fizaPosPi2pi23)
1

—53712@23#634813 + 3o Po3Paapins + Ho3izas13832 — 23 Paapr13832
+23P34P13p32 + Hi3apr13532523 — fizaPi3pizas03 + f3aP13P32p3)
—R13p348a1 + 13 Paaprar — fzaparsiz + fsaParpasz

—Ra1f13834 + a1 Pigpza + foaprar s12 — f2aParpi2

(1332523534 — 13 P3opio3534 + 13P32Pogpzs + fizo 23534513

+a1 12524 — far Propioa + fiopasar — piaPoapiar (5.20)

The rules described in section 2 should be clear by comparing the above action with
the expression for the superpotential (B.6). A term of order four in the superpotential gives
rise to twelve terms in the holomorphic instanton action, obtained by inserting n and p in
4 x 3 ways and closing the trace with ® or s accordingly. Similarly, each cubic term gives
rise to 3 X 2 terms.

At this point we are ready to make a consistency check. If the procedure we followed
is correct, by further higgsing ®35 = —s3o = m we should recover the instanton action for
the C?/Zs singularity which is known by perturbative means. It is very pleasing to see that
this is indeed the case. The bosonic part of the instanton action is easily handled. Just like
we did in going to the SPP, the further higgsing gives a mass to the difference w33z — wos
and w33 — (w99, allowing us to set w33 = wey and w33 = w9y. Since no new mass term for
the chiral superfields is induced in this process, we simply make this identification in the
bosonic action (f.16) to obtain the well known orbifold result. Similarly, higgsing in the
anti-holomorphic part of the action gives a mass to use, iz, and to the linear combinations
133 — pog and jiz3 — fioe allowing us to set them to zero in both the anti-holomorphic and
holomorphic fermionic actions (p.1§) and (p.20]). More interestingly, the fields ®35 and s32
appear only in the quartic part of the holomorphic action (p.20) and their VEV reduces
these terms to the cubic ones expected in the orbifold case. Not only that, this last fact

indicates that the quartic terms must be present in the SPP case since without them we
would not recover all the couplings for the C2/Zy orbifold.

Now that we trust the action for SPP we can make another higgsing, this time to the
conifold theory. The conifold case is quite dramatic in that the only allowed holomorphic
terms in the fermionic action are quartic and if they were not present there would be no
hope of recovering the instanton action of N = 4 by further higgsing. On the other hand, by
keeping these terms, one easily sees that further higgsing reduces to the desired action. To
summarize this step, recall that we obtained (p.13) from (f.§) by higgsing ®34 = —s34 = m.
Let us focus on the fermionic part of the action, since the bosonic part always works in
the same way (here, w1} = w33 and w11 = w33). From the anti-holomorphic piece we have
uss = 0 fizg = 0, p11 = pss and i1 = fig3, whereas from the holomorphic piece we can
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solve:

i3 = (@12M24 — M12824), ni3 = (ﬂ12¢24 - 312ﬂ24)7

=3
=3

Ha1 = ((1932/~623 - M32323)7 Ha1 = (ﬂ32q’23 - 332ﬂ23)' (5.21)

Replacing these values in the fermionic action we obtain the complete instanton action for
the conifold:

S8 = (@11 P12 + s12022) (<I>£1w11 + W22821) + (w22<1>21 + 821w11) (Prowaz + wi1512)

+ (w011 P32 + S320922) ((I)ngll + w223£3) + (w22‘1323 + Sggwll) (P3owas + wi1532)

+ (@22 P23 + s930011) (‘D;T),gwm + w118£2) + (@1 1<I>32 + 832w22) (Pozwi1 + wazs23)

+ (022 Pos + S240011) (q)42w22 + wllsj;z) + (@ 1@42 + 342w22) (Poswir + wars2a)

(5.22)

sholo (12®Y; + fizo®h3) a1 + (Aas®ly + fioa®ly) oo + (shofing + siafina) s

+(«9;3ﬁ32 + 3;1,512),&22 — fi1 (i>§2u23 + q)j;g,um) — Hi22 ((D;l,um + <I>J£3N32)

—f11 (M12S£1 + Mszsgg) — H22 (M238§2 + M24Sj;2) (5.23)
Spon = %(ﬂ12ll23532824 — fi12Po3 32524 + fi12P23 P32 124 + H12P24 132523

—f12P24P3opi23 — flo3fi12824532 + [23fi32524512 + f23P124124532

— 23 P12Poapze + fi23PaoPosprr2 — fosPsapi2a812 + f2af112523832

— 24132523812 — [124P12p123832 + [124P12Pospus2 + 24 P32f123512

— 24 P32 Pogp1a — fiz2p23S12524 + fizapioaS12523 + H32Pasp12524

— f32Po3Propios — HzaPospi2593 + fzaPoaProfioz — H12/i24532523) (5.24)

To test this result, one can make the further higgsing to the A/ = 4 theory by letting
$yy = —s94 = m. Again, no new chiral superfield or neutral mode need to be integrated
out and simply setting to zero the charged zero modes that acquire a mass: wgq — wog,
44 — W22, fhadq — H22, flaq — [122, H24, fiz4 yields the N = 4 expression reviewed in section 3.
Notice that no masses are generated in the holomorphic sector (f.24) but this sector is
crucial for the recovery of the last term in (B.3).

6. Recovering the ADS superpotential from the non-holomorphic cou-
plings

We now make a short digression to show that in order to recover the ADS superpotential
in the simplest cases, the couplings of the instanton moduli to the non-holomorphic matter
fields” must be of the form found above. Hence we are building up confidence in the
procedure used to obtain the actions in the previous section, and will be able to apply it
systematically to other quivers. This is actually a first indication that the rules proposed

"Recall that the above distinction is meaningful since the instanton essentially chooses one chirality over
the other.
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in the beginning of this paper are consistent with the effects that have to be described by
instantons in quiver gauge theories.

According to the rules inferred from the previous (and subsequent) examples, let us
compute the spectrum of zero modes and their couplings when there is one fractional
instanton sitting on a node corresponding to a gauge group, i.e. the instanton wraps a
cycle which is also wrapped by some space-filling branes. The number of space-filling
branes determines the rank of the gauge group at the associated node. Note that as far as
space-filling branes are concerned, in order to cancel gauge anomalies, other nodes might
necessarily need to be turned on (this is of course true only for chiral quivers). This is not
true for the instantonic branes since, roughly, the tadpole charge can escape through the
space-time directions. Hence, there are no restrictions in considering a single instanton on
a node, even if the quiver is chiral (we will consider this generic case in this section).?

We are considering a single instanton, hence in the neutral zero mode sector we will
have no s moduli. If we denote by a the index of the node with an instanton, we will have
only ahy, My and Ay, zero modes in this sector. Since there is both a gauge group and an
instanton at node a, we will have a pair of charged massless bosonic modes wy, and wWyq,
as well as the charged fermionic zero modes i, and fig,. In addition, to each matter field
connecting to node a, both incoming ®;, and outgoing ®,. (with b and ¢ running on the
nodes connected to node a by incoming and outgoing arrows respectively), there will be
charged fermionic zero modes iy, and fige.

The couplings in which these modes will necessarily be involved are the following:

Sy = Gaa ( D> 0eedl, + > @lb%a) Waa (6.1)
c b
SEOlO = Z ,aaaq)ibuba - Z /jacq)ialufaa- (62)
b c

Additionally, they can also be involved in holomorphic couplings, if there are corresponding
superpotential terms:

Sp = fige®eq - . - Pebblpas (6.3)

where the number of matter fields in the couplings above is given by the order of the
corresponding superpotential term minus two.

We now integrate over all of the zero modes. The integral over the neutral zero modes
ak, and M,, just gives the integral over chiral superspace that tells us that we are computing
a superpotential term. The integral over the A\, zero modes brings down a fermionic delta
function implementing the constraint

HaaWaa + Qaatbaa = 0. (64)

If we take the gauge group at node a to be of rank NV, then all the zero modes in the
equation above have actually N components over which we must sum (the w and @ are
additionally Lorentz spinors, so that there are in total two fermionic constraints).

8We thank Matteo Bertolini and Angel Uranga for discussions on these issues.
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Let us now focus on the fermionic integration:

Sholo Sholo

/[Dﬂaa]N[Dﬂaa]N[DﬂaC]N/ [Dﬂba] (Naawaa + Waaﬂaa) ) (6.5)

where N’ is the sum of the ranks of the U(N,) and U(V,.) gauge groups connected with node
a. The two sums must coincide because of anomaly cancellation, so that N’ is essentially
the number of flavors of the U(/V) gauge theory at node a.

Performing first the integration over the [i,, and ., moduli, we see that a pair is
soaked up by the fermionic constraint, while the others are soaked up by pulling down
2(N —1) times SB‘%. Together with 2(/N — 1) powers of anti-holomorphic matter fields, we
also bring down 2(N — 1) zero modes of the type pp, and fige. It is clear that if N < N —1,
the contribution will then vanish.

If on the other hand we concentrate on the case N’ = N — 1, where the standard gauge
theory analysis [i7] tells us that there should be an effective superpotential generated by
a one instanton contribution, we immediately see that all the other zero modes pp, and

ac are also exactly soaked up in this process. This means that the terms in SBOIO

are
irrelevant to this contribution.” Thus, the integration over fermionic moduli leaves us
with an expression with 2N’ powers of the anti-holomorphic flavors of the SU(N) gauge
group. The expression we get is the same that appears in the ADHM construction [fg] (see
also [69, [[0]) after integrating over the fermionic moduli
/ d'xd?0 det(®], @1 ). (6.6)
The integration over the bosonic charged zero modes is again the standard ADHM one,
derived in a stringy context in ] Hence, the anti-holomorphic pieces in the numerator

and in the denominator cancel, leaving us with the familiar ADS contribution

1
/d4xd29W X /d4xd29WADS. (67)

As it is clear from the above, this is completely general and applies also to chiral quivers
such as the ones considered in the next section. It is also a consistency check for the zero
mode actions that we computed before, and for the rules explained at the beginning of the
paper. In particular, it is crucial that the couplings of the charged bosonic zero modes are
all proportional to ®T®, and the couplings of the charged fermionic zero modes to the anti-
holomorphic sector are all linear in ®. Had we kept the subleading terms proportional to
higher powers of ®f, we would be in a situation where the instantons on a node occupied by
a gauge theory would yield a contribution in disagreement with the one computed through
the gauge theory itself.

We thus take the results of this section as a further confirmation that we are indeed
taking the correct procedure to perform the higgsing in the instanton sector.

“When N’ > N, the terms in SEOIO might start playing a non-trivial role. This would be related to
gauge theory instantons in theories with additional singlet matter fields coupling to the flavors. The study
of such effects is beyond the scope of the present paper.
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7. Higgsing C3/Z3 X Zs3 to toric del Pezzo’s

Finally we discuss the higgsing from an orbifold quiver to the del Pezzo toric quivers known
as dP;, dP, and dP3; which have been often considered in recent research on quiver gauge
theories, since they contain basically all the features the latter can display.

There are two reasons why we want to look at these cases in some details. The first
is that models based on these singularities have attracted some attention in the context of
dynamical supersymmetry breaking and might even yield phenomenologically interesting
models. The second is that all the models considered so far, obtained from the resolution of
C3/Zs x Zs are non chiral and one might wonder if the procedure generalizes to the (more
interesting) chiral theories. We will see that it does, and hopefully this should convince
the reader that the recipe we gave in the introduction on how to build the instanton action
directly from the quiver data is quite general, so that one need not go through the (rather
painful) higgsing procedure for even larger quivers.

Schematically, the higgsing procedure we will follow is represented by the chain:

C3/Zy x 2y 25 apy 22 ap, 10 apy 2 32, (7.1)

where the numbers above the arrows represent the numbers of chiral superfields (and
neutral bosonic modes) acquiring a VEV and the number of chiral superfields (and neutral
bosonic modes) that need to be integrated out as a consequence of this.!® We see that
most of the work is concentrated in the first step which we now describe.

We begin by writing the expression for the superpotential of the C3/Z3 x Z3 theory:

—P13P34Py1 + P15P54Pa1 — P15P52 P21 — P2 Pe3 P2
+ P34 PasPo3 + P26 Po5 P2 + P17P72Po1 — PasPerPra
+PogPs3 P32 — PugPs5Psa — PogPs7Pr2 + PugPs7Pra
+P13P39P91 — P17P79Po1 — P59 P96 Pe5 + Pe7 P79 P96
—D39PggPg3 + P59Pos Pss. (7.2)

WZS XZS =

To go to the dP; model we need to remove three nodes from the quiver diagram,
that is higgs three chiral superfields. We follow [51]] and higgs ®g3 = 79 = By = m.!
Substituting into (F.4) we see that this gives a mass to twelve fields that need to be
integrated out:

1 1 1

D3y = —DgrPry, Pog = —DPoPg3, P3q = —P39Pyy,
m m m
1 1 1

D13 = —DPysPp3, Psy = —P52Po1, Pi5 = —DygPygs,
m m m
1 1 1

Qg1 = — PPy, P17 = —D13P39, Pgg = — P74 Py,
m m m
1 1 1

Qg7 = —Pg5 P59, Pgg = —Pg1 P13, P39 = —Pg5Ps9, (7.3)
m m m
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Figure 9: The dPs theory higgsed down from the Zsz x Zs theory.

see figure . Note that some fields are expressed in terms of other fieds which are themselves
integrated out. This results in some expressions being quartic in the left-over matter fields:

1
B3y = —5 a5 P59 P72 Py,
m
1
P17 = —5 PusPe3 P35 Py,
m
1
Dgg = ﬁ@n@m@mq’&- (7.4)
The resulting superpotential for the dP; model is thus given by
1
Wap, = ﬁ(@mq’%q’&@%@w@n)
1
- (PasPe5P50Pra + P2y PugPssPso + PosP3PsrPro)

+ Do Pe5 P52 + PugPg7Pr4. (7.5)

The action for the charged bosonic zero modes is obtained, as before, by setting to
zero the massive modes, i.e. identifying wgg = w33, wg9 = w77, wasa = w11, and dropping
the 1/|m|? terms that we claim must be suppressed in the IR limit in order to recover the

%0ne could further higgs the C*/Z3 to the conifold case providing yet a consistency check.
1 As it is well known, the higher del Pezzo’s possess more than one “toric phase”. We will limit ourselves
here to considering arguably the most natural one for dP; denoted by model I in @]
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right actions by further higgsing. This results in the following rather unwieldy expression:

Sip, = (W22Pag + 526066 (<I>£2w22 + w668(T;2

W55 P52 + s500002 (1)25W55 + wops)

66 P65 + S65W55

2
6w66 + W5585
11P46 + S46W66 6

w 4w11 + w663
w55 P59 + s590077) (Poswss + w7789

77 P74 + s72011 cI>47w77 +wiish

47
w2 +w ST
2 22 11 1

11P48 + s48W033) (Pgywi1 + w3388

33Pg5 + S85Ws5 (1)58W33 + w5585 w 5‘1358 + 858w33 Dg5wss + w33sss
we6Pe3 + S630033 6w66 + w3383 w 3q> 36+ 836w66 Pg3w33 + We6S63
_ t _
W7 P72 + 700092 7w77 + w2282 w22@27 + 827w77 Drowos + wr7sT2

w33Pgr + sgriory

)+ (w66(1) o+ 862w22) (Po6wes + wa2526)
5) + (w22q’25 + Sg5w55) (Psowas + wssS52)
) + (@s 5q> 56+ 856w66) (Peswss + weeSes)
)+ (@ w66PL, + 364w11) (Paswes + wi1546)
)+ (@ 7q> 95 T Sg5w55) (Psowrr + ws5859)
7) + (& 1(I>47 + 347w77) (Prawir + wrrs7a)
o) + (@1 1@l + 812W22) (P21w11 + wosa1)
) + (w3 30! g4 T Sg4w11) (Paswss + wi1S4s)
)+ ( )( )
)+ ( )( )
)+ ( )( )
)+ ( )(@ )

( )(
(@ ) (@]
( ) (@
( ) (@]
(@ )(
(w2221 —|—.921w11)(
(@ ) (@]
(@ )(
( ) (@]
( ) (@]
( ) (@]

79wW33 + W77878 w 7(1) 78 T 878UJ33 {7W77 + W33587) -

—
~
(=)

N—

Expression ([[.6]) can be understood by noticing that to every chiral field surviving the
higgsing procedure there corresponds a line in the expression, coupling this fields (and the
corresponding neutral mode) to the two charged bosonic zero modes emanating from the
nodes connected by the chiral field:

(‘Dbbq)ba + Sbaa}aa) ((I)lbwbb + Waaslb) + (@aaq)lb + Slba}bb) ((I)bawaa + Wbbsba) (77)

Expression ([.) is nothing but a repetition of ([7.7) for each chiral field, where in some
places we have also replaced the bosonic modes that have been integrated out to avoid
redundancy, (e.g. in the fourth line of ([.) we write wy; instead of was).

In the fermionic action, the following zero modes are made massive by the higgsing
procedure. From the anti-holomorphic piece:

H8s — U33, M99 — Mr7, HM44 — M11, H83, M79, H41,
fiss — 133, [log — fr7, [lad — 11, fi83, fi79, 41, (7.8)
and from the holomorphic piece:
H13, H34, H15, M54, H17, H91, H28, HM32, HM39, M98, MH6T7, H96,
H13, H34, 15, [s4, Hi7, Ho1, 28, [32, H39, [os, He7, [96- (7.9)

It is easy to see what fields become massive in the holomorphic case by looking at the
superpotential ([.J) and recalling that the holomorphic actions for the fermionic zero modes
has the same structure. Thus, the fermions that become massive are those with the same
index structure of the fields in ([.J). What is more interesting is that, integrating out the
modes in the holomorphic and anti-holomorphic action separately (in order to preserve the

holomorphic/anti-holomorphic decoupling) sets the fields in ([.§) to zero and solves the
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ones in ([.9) in terms of purely holomorphic quantities. Substituting back into the orbifold

action and taking the scaling limit discussed previously we obtain the following complete

action for the fermionic charged zero modes on the dPs theory:

Sholo _

dPs

Sholo

dPs

T, _ _
™3 (Hi21 p1a6563585550572 — fi21 a6 163585550572 + Jio1 PagPesfigs S50572

— 121 Pas P35 59572 + 121 Pas Po3 Pes Propira + flaci63585550572521
— 146 Pe3 1185559572521 + 1146 P63 s it59572521 — flae Pe3Pss Psgpir2521
+1146Po3Pss P59 Propinr + fie3fiss 550572521546 — 63 Pss5 50572521546
+i163Ps5 P59 172521546 — 3 Pss PsoPrapi21 846 + fie3 Pss PsoPraPo1fiae
+i85 1459572521 546563 — HssP59/72521546563 + fss PsoPrapi21 546563

— g5 P5o P72 Po1 1146563 + 1185 P50 P72 P21 Pagties + fisofi72521 546563585
— 59 P72/121546563585 1 [159P72 P21 1146563585 — 59 P72P21 Pag 63585
+ia59P7oPo1 PysPe3piss + [i72/121546563585559 — 72 P21 1146563585559

+1i72 P21 Pag 63585550 — Hra P21 PacPeshisssso + fraPo1 PagPesPsspisg)

1, _ _ _ _
- (Fias 65559574 — fasPespiso 574 + fasPesPoofira + fesiisoS74546

— o5 Prop7asa6 + fes ProPrafias + fsop7aS16565 — 59 P7afia6S65

+ 59 P74 Pa6ft65 + 74146565559 — 74P o559 + 174 PacPes 59

+ii21 pagS85S52 — o1 Paspisss52 + o1 PasPsspuse + [lagkiss 52521

—HagPgs 52501 + flagPes Psofior + figs 52521548 — fiss Propio1548

+iigs PooPo1tas + fis2hi21 548885 — H52Po1piassss + 52 P21 Paspiss

+iloe 63587572 — H26Pe3psrsTa + 26 Pe3Psriir2 + fespisrs72826

—Re3Psrir2826 + o3 Ps7Prapioe + [isTHT2526563 — HsTPr2f26S63

+7ig7Pr2Paskies + Hratizesesssy — fr2Paspiessst + firaPaePestist)

— 2665552 + H26Pesis2 — Hesps2526 + fes Pozpios — fAszpieeSes + fs2 Poeties

—fasps7S74 + fagPerpiza — fgrpirasas + g7 Prapias — fraprassst + fraPaspsy
(7.10)

(Fas @Yy + fas®Ly) par + (Az @y + fioe @) po2 + (issPLg + sy lg) pas

+(ﬂ52¢£5 + ﬂ59<1>$5)ﬂ55 + (ﬂ63<1>£6 + ﬂ65q)£6)l‘66 + (ﬁ72(1>£7 + ﬂ74<1>17)ﬂ77

+(312ﬂ21 + 317/174)/”1 + (855/152 + 337/172)/122 + (3;4/148 + S;T),(;ﬂﬁs)u?,s

+(3£6ﬂ65 + Sggﬂ%)%s + (S(T;gﬂ% + 8234/146)%6 + (855,1759 + 8%,587)#77

—H11 (‘DTgﬂm + <I>T7,u74) — 22 (@5,&52 + 4%7,&72) — H33 ((Dgﬁ,uﬁ?, + <I>;[;4M48)

—fiss (DL 65 + Plapiss) — fies (Photac + ®hypias) — firr (Blgpsr + Bhspuze)

— 11 (,u46864 + ,u483£4) — Ha22 (M21812 + M268(T;2) — 1433 (,u853;8 + ,u878$8)

—His5 (M52825 + Msgsgg,) — [66 (M638§6 + NGSSEG) — 77 (M728§7 + M74Sjl7) (7.11)

Note that in order to recover all of the 30 sixth order terms above, it is crucial that some

fields have to be substituted by their quartic expressions as in ([[.4), and similar expressions
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Figure 10: The dP, theory higgsed down from the dPs theory.

for the s moduli.

We decided to present the full expression (which is not very practical in itself) because
from now on the reader can easily convince herself that further higgsing yields the expres-
sions for the lower del Pezzo’s. In particular, setting ®g5 = —sg5 = m yields one of the
phases of the dP, theory, whose superpotential is simply obtained by substitution in ([.5)
without the need of integrating anything out:

(PasPe5P59Pra + PosPe3PsrPr2)

1 1
Wap, = W(@21®46(I)63(I)59@72) -

+ P2 Pes P2 + PugPerPrs — P21 PugPs2, (7.12)

see figure [[(. Similarly, substituting the VEVs in the bosonic and fermionic actions one
can easily see that the fields wgg — ws5 and wgg — w5 become massive, allowing to eliminate
one of the two elements in favor of the other and (from the anti-holomorphic piece) the
fields

M85, figs, H8s — M55, [iss — [i5s (7.13)

become massive and are to be integrated out (set to zero). No further massive field arises
from the holomorphic action and this is of course related to the fact that the structure of
the holomorphic action reflects that of the superpotential.

We spare the reader the explicit expression for the instanton action in the dP» case
that can be trivially retrieved from the comments above and move to the dP; model by
further higgsing ®79 = —s72 = m. Once again, no chiral field acquires a mass and the
superpotential for this (unique) toric phase is

1
Wap, = E(q)21q)46(1>63(1>59 — ©yP5P59Pr4)
— Do Pe3Ps7 + P Pe5 P2 + PagPerPra — Po1 PusPs2, (7.14)
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Figure 11: The dP; theory higgsed down from the dP, theory.

see figure [l Just as in the previous step, the instanton action is trivially retrieved by
making the appropriate substitutions:

pre =0, firg =0, prr = po2, [77 = fi22, Wy = w2, Wrr = W22 (7.15)

enforcing the integrating out of the massive modes. We simply report the holomorphic
part of the fermionic action for convenience of the reader and because it does have various
applications.

1, _ _ _
53?3110 = (21 a6 S63S50 — Ho1Pashessso + f21PasPesfise + fachiesSs0S21

— a6 Pe3pis9521 + HasPe3Psopizr + [e3ks9521516 — 63 P21 546

+ 63 Pso P21 fas + [is9p21546563 — Hs9Po1pia6S63 + 59 P21 Pasfies

— a6 /465559574 + [1a6Pes 59574 — fraePes Poopira — fes 59574546

+ 65 Poofirasse — Hes PsoPrafac — fsgp7asa6Ses + fsgPrafia6Ses

— 50 P74 P a6 o5 — HrakacSe5559 + fitaPasiesssy — firaPasPestiso )

+ 26 pe3ssT — H26Pespisr + Resps7s26 — HesPsriize

+is7po6S63 — HsrPocpies — 2665552 + H26 Pesis2

— 552526 + Hes Po2fio6 — fs2f126S65 + Hs2 Poe s

— s ps7S7a + fHagPerpira — fgriirasas + fs7 Prapias

—[rafagSs7 + HraPasgpigr + fo1fragSs2 — fi21 Pagpse

+ias 52821 — fagPsopior + fisapi21 S48 — fs2Po1pias (7.16)

If our chain of derivation is correct, by further higgsing ®456 = —s46 = m we should

recover the action for the C3/Zs orbifold. That this is indeed the case can be quickly
ascertained by noticing that the quartic terms in ([[.16) always contain a term with index
structure (46). When such index is carried by a ® or a s, the higgsing reduces it to a cubic

term proper to the orbifold whereas, when the index falls on a p or a 1 these terms are set
to zero since those moduli get a mass from the anti-holomorphic term.
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Figure 12: A U(1) instanton in the SPP theory.

8. Some applications and further directions

As an illustration, in this section we present some simple applications of our general results.
We will be very sketchy and will not analyze the dynamical consequences of the contribu-
tions we find, since that would go beyond the scope of the present work. We merely want
to present how easily new contributions can be found by using the moduli actions derived
in the previous sections.

At this point, having left the general derivation and not having any further need of
connecting different theories by higgsing, it is better to reconsider our previous decision
and clean up the notation by relabeling the fields.

Let us start by studying the SPP gauge theory, where we have an arbitrary number of
fractional branes at node 1, a single spacefilling D-brane at node 2, node 3 unoccupied, and
we put one instanton on node 2, see figure [ This is an instance of a U(1) stringy instanton
as discussed in [[I(. There is one chiral superfield ®1; in the adjoint representation of U(Ny)
and two bifundamental chiral superfields ®1o and ®5;, transforming respectively in the
(N1, —) and (Ny,+) of U(N7) x U(1). The tree level superpotential for this configuration
is given by the last term in (f.6), which reads, in the new notation:

ngr}g(jo =—091P11D5 . (8.1)

Let us begin with the integral over the two neutral fermionic zero modes Az which
enforce the following fermionic ADHM constraints:

Sp(@ip + wi1)dp(@sp + wsft) = (@i + wiji) (@sp + wyft) = Daw” pii (8.2)

since there are only two “diagonal” fermionic zero-modes p and p. This means that we
cannot pull down any term in the anti-holomorphic action since they all include either a p
or a fi. The bosonic integral

/d2wd2@533(c_u7'cw)5uw exp(—@|®|*w) (8.3)
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Figure 13: An ADS configuration in the dP; theory.

turns out to be scale invariant [iJ] (this is true only for the case of a U(1) node) and thus
gives a field independent non-zero multiplicative constant. (We have collectively denoted
the chiral superfields by ® in the exponent. The result is independent of ® anyway.) Since
the structure of the holomorphic couplings to the charged fermions is dictated by (B.1),
we realize that there is only one term in the effective instanton action that remains to be
integrated over:

/le,L_LQlle,uH eﬁ21‘1’11u12 ’ (8.4)

and which yields a determinant of the field ®;;. Thus, we have obtained the following
contribution:

Wg})sfo = Ag_Nl det[<I>11] s (8.5)

where we have lumped the numerical constants in the prefactor A, which for our purposes
can simply be viewed as a dimensionful parameter. It is clear that one can hope to engineer
in this way simple DSB models similar to the ones considered in [BJ].

Let us now turn to the dP; gauge theory at the bottom of the cascade, with a fractional
brane content given by (N7, No, N3, Ny) = (1,2,3,0). Treating the SU(3) node as the gauge
group we see that the condition Ny = N, — 1 is satisfied and placing an instanton at this
node (see figure [[3) one indeed generates the ADS superpotential, as discussed in section 6.
Now one may want to consider more stringy phenomena such as what happens if one wraps
an instanton at the unoccupied node or at the U(1) node. It is easy to convince oneself
that neither of these configurations will give rise to any contribution. The instanton at
the unoccupied node suffers from the usual problem with the presence of extra neutral
fermionic zero modes that makes the whole expression vanish. The instanton at the U(1)
node instead has a charged zero mode i3, not appearing anywhere in the action due to the

— 30 —



(o} 3
CD12 chZ

Figure 14: A U(1) instanton configuration in the dP; theory.

fact that the tree level superpotential:'?

WS = Bogens®G Py (8.6)

does not contain the corresponding chiral field ®3,. This makes its contribution vanish.

Let us instead see what happens when adding one regular brane to the picture, i.e.
when the fractional brane content is (N1, No, N3, Ny) = (2,3,4,1). This is the other case
where we can have a U(1) node with an instanton, see figure ([4). From (7.16) we get the
holomorphic couplings, (after relabeling)

531%110 = %(M?»Gaﬁ@gl@%zﬂgﬁ - ﬂ41€a,8<p?2ﬂg4' (8.7)
The important difference in this configuration is that, since all chiral superfields appear
in the tree level superpotential, there will now be couplings in the instanton action that
include all the fermionic moduli of this configuration. Expanding the holomorphic action
as to saturate the integral over all zero modes one can easily see that there is a contribution
to the superpotential, albeit of high dimension.

As a final example, one can also consider a particular configuration in the dP; model.
Here as well we relabel the fields in order to make the notation more intelligible. We
have chosen the fractional brane assignment for the dPs theory to be (N7, No, N3, Ny) =
(P, M, P, M), see figure [[j, implying that we have removed the top and bottom nodes of
figure . In the simplest possible case, we set M = P = 1 and are left with a tree level
superpotential given by:

1
W;}C; = Eq)u Doz P34 Py, (8.8)

12The notation is such that o, 8 = 1,2 distinguish fields and moduli from the same nodes. In the case of
fields from node 1 to node 2 we write ®$, and ®3,.
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Figure 15: An U(1) instanton configuration for the dPs theory.

where we note that all the chiral superfields in the quiver appear. This implies that if
we place an instanton at the first node, there will be a coupling like (1/m)fi12Po3P34p141
in the instanton action that will give rise to a quadratic superpotential term. Analogous
mass terms will be generated if we instead place our instanton at a different node. Thus,
summing over all possible locations for a single instanton we get the following structure,

tor _ 1 A A3 Aj Aj
Wip, = —@1aPo3®3yPyy + —Po3P3y + =P34 Pyy + =Py P1p + —DP12Po3 . (8.9)
m m m m m

Notice that we are not allowed to treat the “U(1)” factors as gauge factors and this is also
reflected in the fact that the mass terms generated are not invariant under this symmetries.
As a last remark about this case, notice that if we keep P = 1 but go to M > 1, from
the two “U(1)” instantons left we would get a vanishing contribution since the mass terms
would be replaced by a determinant (e.g. det(®12®P23)) of a matrix of rank one.

Clearly one can construct many more examples, particularly if one also allows for the
presence of orientifolds. For example, the dynamical supersymmetry breaking configura-
tions considered in [64, 0, B2], which involved orbifolds/orientifolds of the conifold, can
be obtained by the higgsing procedure since these singularities can all be embedded in an
appropriate orbifold singularity. In summary, having at one’s disposal the complete action
for the instanton zero modes corresponding to any toric gauge theory should make this
kind of investigation much more efficient and, hopefully, it will uncover corrections to the
action of phenomenological relevance.
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